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Abstract Knotting occurs in polymers and affects polymer properties. Physical understanding of polymer knots is limited due to the complex
conformational space of knotted structures. The knotting problem can be handled by the tube model, which assumes that knotted polymer seg-
ments are confined in a virtual tube. Recently, we quantified this virtual tube using a computational algorithm. The algorithm was limited to the
simplest knot: 3; knot. It remains unclear how the tube model and computational algorithm are applied to more complex knots. In this work, we
apply the tube model to 4,, 5;, and 5, knots, resulting in several findings. First, the computational algorithm developed for 3, knot cannot be di-
rectly applied to 4, knot. After modifying the algorithm, we quantify the tubes for 4, knot. Second, we find that, for all four knot types, the knot-
core region have less average bending energy density than unknotted regions when the chain bending stiffness is small. This counterintuitive re-
sult is explained by the tube model. Third, for all four knot types, polymer segments at the boundaries of knot cores adopt nearly straight confor-
mations (almost zero bending) and exhibit lower local bending compared to other knot-core regions and unknotting regions. This local behavior
is also consistent with prediction from the tube model. This counterintuitive result is also explained by the tube model. Fourth, for all four knot
types, when a polymer has non-uniform bending stiffness, a knot prefers certain chain positions such that the knot boundary locates at one stiff
segment. Overall, our work paves the way for applying the tube model to complex polymer knots and obtains many common results for different

knot types, which can be useful in understanding many knotting systems, such as DNA knots in vivo.
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INTRODUCTION

The uncrossability of polymer segments causes polymer entan-
glements, which dramatically affect polymer properties.!"? En-
tanglement is one key reason why some polymer properties are
fundamentally different from small molecules. There are two
types of entanglements: inter-chain entanglements and intra-
chain entanglements. The inter-chain entanglements are com-
mon for polymer solutions at high concentrations,”! and poly-
mer melts.*”! Intra-chain entanglements, often in the form of
knotting,*~'% occur in dilute solutions of long polymers, such as
DNA solutions used in many polymer physics experiments.[''-2"!
Inter-chain entanglements have been extensively investigated
in the past decades, while the understanding of polymer knot-
ting is relatively less.

Knotting affects many properties, including mechanical,
rheological, chemical, biological and crystallization and amor-
phous properties.[22l Knotting can reduce the minimum force
of breaking a polymer,/23-25! and slow down polymer confor-
mation relaxation,l'"! and stretching kinetics.l'226] Knotting

* Corresponding author, E-mail: liangdai@cityu.edu.hk

 These authors contributed equally to this work.

Received June 9, 2025; Accepted June 27, 2025; Published online
September 10, 2025

© Chinese Chemical Society
Institute of Chemistry, Chinese Academy of Sciences

greatly affects polymer nanopore translocation and viral ejec-
tion of DNA, such as jamming the translocation
process.[131620.27-311 Knotting can facilitate the catalysis of a
manmade knotted molecule,32 and a knotted protein.33!
Knotting also affects polymer crystallization,3435 and glass
formation.3¢!

While many intriguing phenomena have been observed,
theoretical understanding of polymer knots is limited. Tack-
ling the polymer-knot problem from a statistical physics per-
spective is challenging, because deriving the conformational
entropy of a polymer knot requires knowing the polymer con-
formational space of a given knot type, which is very irregular
and hard to obtain.

Previous studies have found that the tube model, which
was originally developed for inter-chain entanglements,!2
can be applied to polymer knots with some
modifications.’37-39 The original idea of the tube model for
polymer knots was proposed three decades ago by Grosberg
and co-workers.3% The idea of the tube model is that entan-
glements restrict the moving path of a polymer and produce
a virtual tube that confines a polymer. The effects of entan-
glements on polymer conformations and dynamics can be
considered through tube confinement. In the tube model for
polymer knots, the polymer segments in the knot core are as-
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sumed to be confined in a virtual tube.

Our recent studies constructed this virtual tube using an al-
gorithm:#0411 (i) superimpose many knot-core conformations;
(ii) then calculate the average knot-core shape of these con-
formations; (iii) lastly, calculate the fluctuations of individual
conformations around the average shape. The average shape
corresponds to the tube axis and the fluctuations correspond
to the tube diameters. It is worth pointing out that for poly-
mer knots, the virtual tubes usually have fixed shapes. For
comparison, in the case of inter-chain entanglements, the vir-
tual tubes usually have no fixed shape. In this respect, the
idea of the tube model works even better for polymer knots,
because the corresponding virtual tubes have well-defined
shapes and can be visualized.

Constructing the tubes for polymer knots enables us to un-
derstand many properties of polymer knots, including the
shapes, bending energies, and conformational
entropy.3142-451 |n particular, the tube model can clearly ex-
plain one counterintuitive phenomenon: knotting often re-
duces polymer bending energy.*2l The reason is that tube
confinement can suppress the polymer bending caused by
thermal fluctuation.

Previous studies have constructed the tube model for only
one knot type: 3; knot. Applying the tube model to other
complex knots is not trivial, because the algorithm of quanti-
fying the tube depends on the knot type. Directly applying
the existing algorithm to 4, knot gives a wrong tube,“9 which
will be elaborated in this work.

In this work, we develop a new algorithm to quantify the
knot tubes for complex knots. Based on the knot tubes, we
obtain and explain several common properties of different
knot types.

METHODS

Monte Carlo Simulation
We obtain equilibrium knot conformations by Monte Carlo (MC)
simulations, similar to our previous studies.*%*" In the MC simu-
lations, a ring polymer is described by a string of touching beads
(Fig. 1). The polymer length is L=300 in most simulations. The
bond length between adjacent beads is fixed as a, which is
treated as the unit length in this work. We implement purely
hardcore repulsion for all bead-bead pairs. The bending energy
for three adjacent beads is described by

Evena/ (keT) = (1/2)k67 with & = L, /a M
where 0 is the bending angle, kg is the Boltzmann constant, and
T is the temperature. The bending stiffness is tuned by «, which
determines the persistence length L. In our simulations, the
temperature is fixed as T=1 and kgT serves as unit energy, and
so the persistence length L, is directly linked to the chain bend-
ing stiffness k.

Each simulation starts with a ring conformation with the
desired knot type, such as 4, 5;, or 5,. In each MC step, we
randomly select a bead and perform a crankshaft move for
this bead, i.e., rotating this bead along the axis formed by two
adjacent beads. The rotation angle is a random value be-
tween 0 and 211. We purposefully use this local move to avoid
the inter-penetration of polymer segments so that the knot
type is preserved during the simulation. Hence, these simula-
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Fig. 1 Conformation of a knotted polymer: (a) our Monte Carlo
simulation snapshot of a polymer ring containing a 4, knot; (b) knot
core.

\

tions can output equilibrium conformations of given knot
types. We typically run 1010 steps for each MC simulation and
save the conformation every 104 steps for analysis. The num-
ber of MC steps is always at least 100 times more than the
conformational correlation time estimated from the evolu-
tion of the radius of gyration. The correlation time is typically
on the order of 107 steps.

Knot Analysis

We determine the knot type for a give conformation using the
Alexander polynomials.#64”1 To determine the knot core, we cut
beads one by one from both ends until the knot type changes
(Fig. 1). The knot size, Lynot, is defined as the contour length of
the knot core. In the calculation of knot-core regions, we need
to determine the knot type for an open chain conformation. We
employ the minimally interfering closure scheme to connect
chain ends before the calculation of the Alexander
polynomials.*® This end closure scheme appears to be a very
reasonable way to close ends, and has been widely used in our
previous studies.?'49-4345 We have also tried the end closure by
straight line, which does not affect the conclusions of this work
(See Figs. S6 and S7 in the electronic suppplementary informa-
tion, ESI).

Constructing the Tube for 4, Knots Using the
Traditional Method

Similar to the previous method,*? we attempt to average a
large number of knot-core conformations of a given knot-size to
obtain the shape of 4, knots (Figs. 2a—2c). From simulations, we
select knot-core conformations of a given knot size, eg,
Lynot=100a. Before averaging, we translate and rotate the knot-
core conformations to minimize the deviations among them.
However, the average conformation does not appear to be a 4,
knot, because certain important structural features are can-
celled out during averaging when the knot-core structures are
not properly aligned. The result indicates that the traditional
method does not work well for 4, knots. The reason will be de-
scribed in the next subsection.

Problem in the Traditional Method

The problem with the traditional method can be exemplified by
the first and second conformations in Fig. 2(b). Although both
resemble each other, we cannot overlap them with rotation. We
find that we can overlap them by mirror reflection, as shown by
the first and second conformations in Fig. 2(e).

A careful inspection of 4, knot conformations reveals that
we can classify 4, knot conformations into eight types based
on the position and direction of the first bead (Fig. 3). The first
bead is indicated by red. The first conformation in Fig. 3(a) is
labelled as L 1, where L indicates that the first bead locates at
the left side of the last bead, and 71 indicates that the direc-
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Traditional method New method

Mirror reflection or rotation, | | based on structural categories

Wrong structure Correct structure

Fig.2 Constructing the tube for 4, knots using the traditional method (a—c) and new method (d—g). In the traditional method, we translate and
rotate many knot-core conformations (a) to minimize the deviations among them using the Kabsch algorithm and obtain the conformations in
(b).#%) Then, we average the conformations in (b) and obtain the one in (c), which is apparently not a 4, knot. In the new method, we translate,
rotate, and mirror-reflect the knot-core conformations (d) to minimize the deviations. The mirror-reflection will be described in the next Figure.
Then, we average the conformations in (e) and obtain the one in (f). (g) A tube is displayed with the tube diameters corresponding to 0.2 times of
root mean square fluctuation (RMSF). The scaling factor 0.2 is for better visualization.
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Fig. 3 Mirror reflection of knot conformation. (a) Classification of 4, knot conformations into 8 types based on the position and direction of the
first bead (marked in red). The first conformation is labelled as L1, where L indicates that the first bead is located at the left side of the last bead,
and 1 indicates that the direction from the second bead to the first bead points outward of the plane of paper. R indicates right and | indicates
the direction points inward of the plane of paper. MLt, ML|, MRt, and MR| are mirror reflections of L1, L], Rt, and R|, respectively. (b) The new
method, including mirror reflection, can transform any knot conformation to the target type. The traditional method cannot do it. Note that
before mirror reflections, each conformation is rotated to make the first and second principal axes aligning with x- and y- directions, respectively.

tion from the second bead to the first bead points outward of with x- and y- directions, respectively.

the plane of paper. Similarly, R indicates right, and { indicates In Fig. 3(a), the conformation ML 1 is a mirror image of the
the direction points inward of the plane of paper. Note that conformation L 1. Even though they share the same point
before the classification, each conformation is rotated to and direction of the first bead, we cannot overlap them. Fur-
make the first (longest) and second principal axes aligning thermore, we are unable to overlap them by rotation as
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shown in Fig. 3(b). This is the key reason why the traditional
method fails to obtain the average 4, knot conformation.

Constructing the Tube for 4, Knots Using a New
Method
After identifying the problem in the traditional method, we de-
velop a new method to obtain the average 4, knot conforma-
tion. In addition to the translation and rotation, we add mirror-
reflection to minimize the deviation among knot-core confor-
mations (Figs. 2d and 2e). Basically, we transform all knot-core
conformations toward L 1. The conformations of L |, R 1, and
R | can be transformed toward L 1 through the rotation opera-
tion. The conformations of ML 1, ML |, MR 1, and MR | can be
transformed toward L 1 through mirror-reflection and rotation.
Then, we average the conformations in Fig. 2(e) and obtain the
average 4, knot conformation one in Fig. 2(f). We also calculate
the standard deviations of individual knot-conformations
around the average conformation, which correspond to the half
of tube diameters. Thus, the tube model is visualized in Fig. 2(g).
After aligning knot-core conformations through transla-
tion, rotation and mirror-flipping (as illustrated in Figs. 2d and
2e), we average these conformations to obtain the shape of
knot, i.e., the axis of the tube:

1 Neonf

7()cen(k) = Noont 7()i(k)
conf 23
Neon 2
Reupel(k) = ! f|_)~k—_) K)|I? @
wnelk) = || 3= ) 1K) = Feanl)
con

i=1
Dtube(k) = 2Rtube (k)

Here, k=1, 2, ..., Lynot IS the index of bead inside the knot-
core, X; (k) is the 3D coordinate of the ith bead in the kt knot-
core, and 7()cen (k) is the center of the knot-core conformation.
Riubeand Dy pe represent the radius and diameter of the tube,
respectively. Nns represents the total number of conforma-
tions.

Here we transform all knot-core conformations toward L 1.
If we transform toward ML 1, then the final structure be-
comes mirror-reflection as well.

Molecular Dynamics Simulations of 4,, 5,, and 5,
Knots

We also perform molecular dynamics simulations using the
LAMMPS package,”® in which a Langevin thermostat is
applied,**>1%2 to investigate the distribution of a knot in a poly-
mer with non-uniform bending stiffness. The polymer confor-
mation contains a knot, which can be a 4, 5,, or 5, knot. Bead-
bead interactions are described by the Weeks-Chandler-Ander-
sen potential.”3 Typically, we run each simulation for 10° steps.
We discard the first 108 steps and save the following conforma-
tions every 103 steps for the analysis of knot position.

RESULTS AND DISCUSSION

Tube Shape for 4, Knot

We construct the tube model for 4, knot using a new algorithm
described in the method section. The old algorithm developed
for 3, knot does not work for 4, knots, because 4, knot is achiral
and rotation of 4;-knotted conformations cannot align these
conformations properly (Fig. 2a). After adding mirror-flipping

operation (Fig. 3), we can align 4,-knotted conformations prop-
erly (Fig. 2b).

Using the new algorithm, we obtain the tubes for 4,-knot-
ted conformations with different knot sizes (Fig. 4). See the
knot-size distributions in Fig. S8 (in ESI). Because constructing
these tubes requires a large number of knot-core conforma-
tions and huge computational cost of sampling chain confor-
mations, we use a relatively short chain length L =300q,
which is shorter than our previous studies,3854 and does not
cover the metastable knot size in long chains.

The tube axis corresponds to the average conformation,
while the tube diameter, Dy e, corresponds to twice the stan-
dard deviation of individual conformations around the aver-
age conformation. Note that for better visualization, the tube
diameters in Fig. 4 and the rest of figures are 0.2 times the ac-
tual tube diameters. If we use the original tube diameter,
some parts of the tube overlap each other. Note that the tube
diameter varies along the tube axis, because different sites of
the knot structure have different fluctuations.

From Fig. 4, we can extract some quantities of tube shape.
First, both ends of the knot are parallel but not in line. For
comparison, a previous study obtained the tightest open 4,
knot, 551 where the two ends are parallel and in line. Such dif-
ference is not surprising, because our 4, knot conformations
are relaxed, while the tightest 4, knot is under a strong
pulling force. We calculate the angle formed between the
tangent at the knot-core boundaries and the x-y plane, which
ranges from 40° to 70° (see Fig. S1 in ESI).

Second, both knot-core boundaries locate in the two loops
formed in the knot. If the segments at knot-core boundaries
want to optimize the translational entropy, the average loca-
tion of the knot core boundaries would be at the center of
loop (Fig 4a). We notice that the actual knot-core boundaries
location deviate from the loop center. Such deviation can re-
duce the overall bending energy of knot, as pointed out by
our previous study for the average conformation of 3,
knot.140l

Third, the average conformation is quite flat. The flatness
can be quantified by the ratio of the maximum span in z di-
rection (the shortest principal axis of conformation) to the
one in x direction (the longest principal axis). This aspect ra-
tio ranges from 0.15 to 0.25 (see Fig. 4d and Fig. S2 in ESI).

Fourth, the bending curvature varies greatly inside 4, knot.
The two arms of the knot have the largest bending, while two
boundaries and the middle segments of the knot have quite
straight conformations. Detailed analysis of the bending vari-
ation within 4; knot will be presented in section of “Varia-
tion of Tube Diameter and Bending inside the Knot Core”.
Overall, the average knot conformation has a shape similar to
the number of eight, and hence 4, knot is often called figure-
eight knot. From the viewpoint of statistical physics, the aver-
age conformation in Fig. 4 can minimize the conformational free
energy, which consists of two contributions: entropy and bend-
ing energy. The knot conformation tends to maximize the fluc-
tuation around the average conformation (entropy) and mini-
mize the bending energy. The competition of these two effects
determines the average knot conformation.””!

Tubes for Different Knot Sizes
Fig. 4 compares the 4, knot tubes for different knot sizes with a
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Fig. 4 Tubes for 4; knots with different knot sizes. (a) Knot tubes for three knot sizes. We fix the persistence length L,=20a. The tube axis
corresponds to the average conformation. For better visualization, the tube diameters shown here are 0.2 times the actual tube diameters, Dy pe-
Here, Dype is defined as twice the standard deviation of individual knot conformations around the average conformation. (b—d) Average knot
conformations, i.e., the tube axes, in 3D plot, x-y plane, and x-z plane, respectively. (€) The maximum span of the average conformation in three
directions. (f) Average tube diameter as a function of the knot size. (g) Normalized length of the tube axis as a function of the knot size. The red

line is calculated from Eq. (4).

fixed persistence length L,=20a. See more knot tubes in Figs.
S3-S5 (in ESI). Here, the knot size is defined as the contour
length inside the knot core. With the increase of the knot size
from 80a to 120g, the tube enlarges proportionally as indicated
by the linear dependences on the max spans and the tube di-
ameter on the knot size (Figs. 4e and 4f). We obtain the relation-
ship between the tube diameter and the knot size:

D’(ubesznot/9 (3)

The coefficient 1/9 is an important parameter in the theo-
retical study of knots using the tube model,37:38401 because
the knot conformational entropy strongly depends on tube
diameter.

Fig. 4(g) shows the normalized length of the tube axis,
Liube, as a function of the knot size, Lyno. The relationship be-
tween Lype and Ly can be understood by considering a
polymer confined in a tube with the polymer contour length
as Lxnot and the polymer extension along the tube axis as
Liype- Accordingly, we can relate Lype and Ly, through the

Dtube Lknot

Odijk scaling:[56!
2 2
=1-k ; =1 -k ;
S LP 7 Lp

In the above equation, the first step is the original Odijk
scaling, and the second step is based on the linear relation-
ship between Dype and Linot in Eq. (3). Fig. 4(g) shows that

Ltube

4

Lknot

the above equation agrees with the simulation results using a
fitting parameter k,=0.0982.

It is worth discussing the deviations of the knot behavior
from the Odijk scaling. It is well-established that the Odijk
scaling applies to straight tubes with solid tube walls and
with a tube diameter smaller than the persistence length. The
knot tube deviates from the tube in the Odijk scaling in three
terms. First, the knot-tube axis is not straight but curved. The
curvature becomes very significant for small knots. Our previ-
ous study has identified the knot scaling behavior changes
when deceasing the knot size (see Fig. 2d of Ref.[40]). Second,
the knot-tube diameter becomes larger than the persistence
length for big knots. Third, the knot-tube walls are not solid
but made of sparse polymer segments. Due to these three de-
viations, it is not surprising that the numerical results of knot
tube do not exactly follow the Odijk scaling in Fig. 4(g) and
other figures. Nevertheless, the Odijk scaling provides a very
useful framework to understand the effect of the knot-tube
confinement.

Tubes for Different Persistence Lengths

Fig. 5 compares the 4, knot tubes for different chain persistence
lengths with a fixed knot size Ly,o= 100a. See the coordinates
of a knot tube in the ESI. With the increase of the persistence
length from L= 5a to 10a, the maximum spans of the tube, S,
Sy, and S, become larger (Fig. 5e) and the length of tube axis,
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Fig. 5 Tubes for 4, knots with different persistence length. (a) Tubes for different persistence lengths. We fix the knot size L,,,,=100a. Tube
diameters are scaled down by a factor of 0.2 for better visualization. (b—d) Average knot conformations, i.e., the tube axes, in 3D plot, x-y plane,
and x-z plane, respectively. (e) The span of the mean conformation in the x, y, and z direction. (f) Average tube diameter as a function of the

persistence length. (g) Normalized length of the tube axis as a function of the persistence length. The red line is calculated from Eq. (4).

Liupe, also become larger (Fig. 5g). However, the tube diameter
is insensitive to Ly (Fig. 5f). In Fig. 5(g), the dependence of Ly
on L, can be well explained by Eq. (4).

Variation of Tube Diameter and Bending inside the
Knot Core

Fig. 6 shows the variations of tube diameter and bending inside
4, knot core. To facilitate the understanding of these variations,
we divide the knot core into three regions: connection region,
turning region, and threading region. To form a 4, knot, the
polymer segments at the right side first generate a sharp-turn
loop (turning region) and then thread through the loop on the
left side (threading region). Symmetrically, the polymer seg-
ments at the left side first generate a sharp-turn loop and then
thread through the loop on the right side. The left part and right
part are connected by the connection region.

As shown in Fig. 6(a), the knot-core boundaries have the
smallest tube diameters, which means that the polymer seg-
ments at the knot-core boundaries have the smallest fluctua-
tion. A similar result has been observed for 3; knot: the small-
est tube diameter also locates at the knot-core boundaries.*%!
It is because the threading region is very close to the connec-
tion region in 3D space. A large spacing between the thread-
ing and connection region would increase the bending ener-
gy and hence is not favorable. Fig. 6(c) shows the radius of
curvature, R, of the tube axis. As expected, the turning re-
gion has the sharpest bending, i.e. the smallest R..

Negative Extra Bending at Knot-Core Boundaries
Fig. 6(e) shows the average extra bending energy density of
polymer segments within 4, knot core. We call it extra bending
energy because we subtract the average bending energy densi-
ty within the knot core, e.g., the red segment in Fig. 6(f), by the
average bending energy density in the unknotted region, e.g.,
the blue segments in Fig. 6(f). The definition of the average ex-
tra energy is
A = (Evena) — {Evend ) (5)
A surprising result is that both knot-core boundaries have
negative extra bending energy density, i.e., the bending ener-
gy density at knot-core boundaries are even less than the un-
knotted region. Such negative values can be understood
through the tube-confinement effect illustrated in Fig. 6(d).
The tube confinement can suppress the bending of polymer
segments within the tube. For example, when the tube diam-
eter is zero, the polymer inside the tube has a straight confor-
mation. Accordingly, the tube diameter can determine the re-
duction of polymer bending energy inside the tube. It is
worth pointing out that the knot-tube axis is curved with a ra-
dius of curvature, R, (Fig. 6d). Hence, both R, and Dy can
determine polymer bending energy inside the tube. At knot-
core boundaries, R. is quite large and Dy is quite small,

both of which favors the negative value of AFf,. A physical

understanding of the negative AEE’;% at knot-core bound-
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Fig. 6 Variations of tube diameter and curvature along the tube axis. (a) Tube diameters along the tube axis for L,,:=100a; (b) Labelling of
three regions within the knot core; (c) Radius of curvature along the tube axis; (d) lllustration of a polymer confined in a curved tube which has a
radius of curvature of R; (e) Extra bending energy along the tube axis; (f) lllustration of the extra bending energy.

aries is that the polymer segments at the threading region
adopt rather straight conformations to gain more translation-
al entropy, just like the polymers in liquid crystal.i5¢!

In Fig. 6(e), we notice that the extra negative bending re-
gion extends beyond the knot boundaries at sy,.=£50a.
Similar results were observed in our previous studies of 3,
knots.9 Such observation might be surprising, because one
may expect that the knot core should be defined such that
the bending inside the knot core is affected by knotting and
the bending outside the knot core is not affected. Practically,
the determination of the knot core is related to the end-clo-
sure method. To determine the knot core, we cut beads from
both chain ends until the knot type changes. Every time we
cut beads from chain ends, we need to close the two ends of
this open chain by a loop and then calculate the Alexsander
polynomial. The minimal inferring end-closure scheme ap-
pears to slightly underestimate the knot-core size (compared
to the knot-core definition such that the bending inside the
knot core is affected by knotting and the bending outside the
knot core is not affected).l8! Such underestimation is proba-
bly because chain-end extension is applied in this end-clo-
sure method (see Fig. S7 in ESI). Such chain-end extension
seems unavoidable when the chain ends are buried in confor-
mations. The underestimation of knot-core size causes that
the knot-core (Fig. 4a) is not exactly 4, knot, but looks like 2,
knotoids.571 After adding a short tail at each knot-core
boundaries, the average conformation looks like 4, knot (see

Fig. S9in ESI).

It is important to note that the new algorithm developed in
this work is used solely to align knot-core conformations. The
new algorithm has nothing to do with the knot-core identifi-
cation and the calculation of knot-core bending energy. It is
also worth noting that simulation itself can only obtain the
bending variation in the knot core, but cannot explain the
bending variation, especially negative extra bending. To ex-
plain the bending variation, one must know tube diameter
and tube-axis curvature, which can be only obtained after
constructing knot tubes. It justifies the usefulness of the con-
structed knot tubes. In the above paragraphs, we suggest
that tube-diameter narrowing in certain knot region causes
less polymer bending in that region. It is also possible that
less polymer bending in certain knot region causes tube-di-
ameter narrowing. Distinguishing between these two scenar-
ios may not be meaningful. The tube model is primarily a con-
ceptual tool for visualizing irregular knot structures, as no
physical tube actually exists. A rigorous theoretical approach
would involve optimizing both the shape (or bending) and
the tube diameter (fluctuation magnitude) to minimize free
energy, which inherently couples these two factors. However,
this approach is intractable. As an alternative, we develop a
computational method to determine the shape (or bending)
and tube diameter.

Results for Tubes and Bending of 5, and 5, Knots
We also construct tubes for 5; and 5, knots, similar to the
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(a) Constructed tubes for 5; and 5, knots. The tube diameters shown are 0.2 times of the actual tube diameters for easy visualization.

(b—d) Tube diameter, curvature, and extra bending energy for 5; and 5, knots, similar to Fig. 6. The results are obtained from simulations with

L=100a and L, =20a.

method for 4, knots, except for some modification for mirror-re-
flection operation (see Figs. S10 and S11 in ESI). The tubes are
shown in Fig. 7(a). We also analyze the variation of tube diame-
ters and curvature within the knot cores (Figs. 7b—7d), which
can explain the least bending at knot boundaries. One reason
why the extra bending does not go to negative value is that we
use short chains L = 100a in these simulations in order to speed
up simulations and collect sufficient sampling for tube con-
struction.

Negative Extra Bending of Entire Knotted Chains

In the above section, we analyze the extra bending energy at
different sites within the knot core. In this section, we will
present the results of extra bending energy of the entire knot-
ted chain. We first calculate the average bending energy of the
entire knotted chain. Then, we calculate the average bending
energy of unknotted chain with the same chain length and
same persistence length. Next, we calculate the difference,
AES,. Fig. 8 shows the simulation results of AEf™o%. In these
simulations, we fix the chain length as L=300a. When L, < 5a,
AEEZ% is negative, which means the knotted chain has less
bending than the unknotted chain. The results are similar for
three knot types: 4,, 5, and 5,. Similar results were observed be-
fore.*? The reason why a smaller L, promotes negative bend-
ing is as follows. The knot tube walls consist of monomers. The
excluded volume interaction between monomers reduces the
accessible tube diametet, i.e, Diccess = Drupe — a. The reduction
in the accessible tube diameter can enhance the bending-sup-
pression effect and favors negative bending. The reduction in

—$— 4, knot
0.1t —$— 5, knot
—$— 5, knot

QB /ksT

Negative extra bending

0 5 10 15 20
Lp/a

Fig. 8 Average excess bending energy as a function of persistence
length for three knot types. Negative values of excess bending
energy mean knotted polymers have less bending energy than
unknotted polymers with the same length and same persistence
length. The results from simulations of knotted and unknotted
chains with L = 300a.

the accessible tube diameter is stronger for smaller L. See more
details in the previous study.!*?

Knot Positioning Effect Caused by the Negative Extra
Bending

The above results show that knot-core boundaries have nega-
tive extra bending, which means knot-core boundaries prefer
straight conformations of polymer segments. Such preference

https://doi.org/10.1007/510118-025-3405-8
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can lead to knot positioning effect for a polymer with non-uni-
form bending stiffness. The knot positioning effect refers to the
situation where a knot prefers to stay at certain positions on the
chain. Here, we consider a flexible knotted polymer with a stiff
segment. It means all monomers are flexible except the stiff seg-
ment. For this polymer, the knot should prefer to place its
boundary on the stiff segment.

Fig. 9 shows the favorable and unfavorable knot positions
for a circular chain containing a 4,, 5;, or 5, knot. In all cases,
the polymer is a flexible chain except a stiff segment with a
persistence length of L;”ff. The circular chain length is
L = 300a and the length of stiff segment is Lg;z=2, 5, or 10a.
In these simulations, we start with a knotted conformation
and perform Langevin dynamics simulations. Bead-bead in-
teractions are described by the Weeks-Chandler-Andersen
potential,[>31 which is nearly a hardcore repulsion. During the
simulations, the knot diffuses along the chain.

To quantify the knot positioning effect, we calculate the
distributions of knot positions during the simulations (Fig.
10). We define the knot position, Xy, in @ way such that
Xinot=0 corresponds to the knot-core boundaries at the mid-
dle point of the stiff segment. Fig. 9 shows simulation snap-
shots and schematics for xy,o: = 0 and Xyor >> 0.

Fig. 10(a) shows the distributions of knot positions for 4,
knot with L;tiff: 5a. The peak values at x,,,;=0 are 1.5, 2.5, and
4.5 for Ly = 2a, 5a, and 10aq, respectively. It means that the
occurrences of xyn:=0 are 1.5, 2.5, or 4.5 times of other knot
positions. Fig. 10(b) shows that increasing L;ﬁﬁ: 5a to 10a
does not significantly enhance the knot-positioning effect,
because the knot-positioning effect saturates at L3~

p =5a.0ne
can expect that when we decrease L;“ffz 5a to 0, the knot-po-
sitioning disappears.

Favorable knot position
Xknot=0

Schematic

Simulation snapshot

Figs. 10(c) and 10(d) show the knot-positioning effect for 5,
and 5, knot, respectively. The peak values at xy,,:=0 are simi-
lar among three knot types: 4,, 5; and 5,, which suggests that
the knot-positioning effect is common for different knot
types. It is quite possible that different knot types contain a
threading region at the knot-core boundaries just like Fig.
6(b). The polymer segments in the threading region must
adopt straight conformations no matter this polymer is flexi-
ble or stiff. Hence, it is more suitable to place stiff segments at
knot-core boundaries. For comparison, forcing flexible seg-
ments to adopt straight conformations at knot-core bound-
aries will reduce the conformational entropy of this flexible
segment and hence is unfavorable.

A similar positioning was observed in interlocked-ring poly-
mers in a recent study by Luengo-Marquez, Assenza, and
Micheletti.l’81 When each polymer ring consists of a flexible
segment and a rigid segment with the same length, they
found the contact probability between rigid segments is
much higher than the contact probability between flexible
segments. They proposed an entropic reason to explain this
effect: the contacts between flexible segments of mechanical-
ly bonded rings are entropically disfavored. It is quite possi-
ble that such contacts also force flexible segments to adopt
relatively straight conformations.

Discussion about the Physical Meaning of
Constructed Knot Tubes

In this section, we justify the physical meaning of our construct-
ed knot tubes in the following terms. First, we do not specify a
knotted curve and then construct a tube around it. Instead, we
use an iterative procedure to determine the knotted curve (tube
axis) and tube diameter. This iterative procedure is similar to
searching the center point for a cluster of random points and

Unfavorable knot position
Xinot>>0

Simulation snapshot Schematic

o~
A

Fig. 9 Knot-positioning effect on a polymer with non-uniform bending stiffness. The polymer is flexible except for one stiff segment

with a length of Ly = 2a, 5a or 10g, and a persistence length of L

5a, or 10a. The 12 conformations are simulation snapshots and the

corresponding schematics for 3 knot types. The stiff segments are labeled red, and the knot cores are labelled blue. x;,,;=0 means one
knot boundary is located at the middle of the stiff sesgment. The polymer length is 200a.
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Fig. 10 Distribution of knot positions along a polymer. x,,,:=0 means one knot boundary is located at the middle of the stiff segment. The four
panels are from different knot types and different persistence lengths of the stiff segments. Three colors in each panel are for different lengths of

the stiff segments. For the 4, knot, two different persistence lengths are considered: (a) L;ﬁff =5a, (b) L,

stiff

knot, a shared value is used: L," = 10a for both knots.

then calculating the standard deviation around this center point
(see Fig. S12 in ESI). So, our algorithm to determine the knot
tube is a natural method.

Second, our constructed knot tubes can quantitatively ex-
plain bending variation in the knot core, especially the nega-
tive extra bending at knot boundaries. The bending in differ-
ent regions of knot core can be mapped to a chain in a curved
tube with R, and Dye, both of which are determined from
our constructed knot tubes. It has been proved that this map-
ping can quantitatively reproduce the bending in the knot
core in our previous study.“?l Note that the negative extra
bending is revealed by calculating the bending of individual
knot conformations and has nothing to do with constructed
knot tubes. So, reproduction of negative bending is an inde-
pendent test for the correctness of the constructed knot
tubes. If the constructed knot tubes are not physically correct,
they cannot capture such subtle bending variation in the knot
core.

Third, the shape of constructed 4, knot tubes is reasonable
and can minimize the free energy cost, which results from the
completion of bending energy and entropy. The knot tube
consists of connection, turning and threading regions. The
turning region primarily contributes to the bending, and the
threading region primarily contributes to conformational en-
tropy loss due to the intersection. The entropy would be in-

st = 10a, and for the (c) 5, knot and (d) 5,

creased by shifting the end of threading toward the center of
loop, but such shifting also increases the bending. How the
competition of entropy and bending leads to the average
knot shape has been quantitatively analyzed in our previous
study of 3, knot.[*0!

CONCLUSIONS

In conclusion, we develop a new algorithm to construct the
tubes for 4, knot. With these knot tubes and additional simula-
tion analysis, we obtain many common properties for different
knot types, including 4,, 5;, and 5, knots. We list the key find-
ings in the following paragraphs.

First, constructing the tubes for 4, knot is more complicat-
ed than 3; knot. In the case of 3; knot, translation and rota-
tion can properly align knot-core conformations. In the case
of 4, knot, we must add mirror-reflection operation to proper-
ly align knot-core conformations. Proper alignment is re-
quired to preserve key structural features of a knot type. Oth-
erwise, the average structure does not maintain the knot
type.

Second, we obtain the average shape of 4; knot under
thermodynamic equilibrium, which is different from the tight
open 4, knot under tension,’! or the circular tight 4, knot.
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The average shape can be considered as an optimal structure
to minimize the free energy of 4, knot, i.e., the competition of
bending energy and conformational entropy.

Third, bending curvature and structural fluctuation vary
greatly among different sites in the knot core. There are some
common variation patterns among different knot types. For
example, both 3; and 4, knots have the smallest structural
fluctuations on knot-core boundaries. The bending curvature
and structural fluctuation are important structural features,
which may be relevant for structural stability,[*459601 chemical
catalysis,*21 and biological functions.33!

Fourth, different knot types, including 3;, 44, 5;, 5, knots,
have negative extra bending at knot-core boundaries. Nega-
tive extra bending means that the polymer bending caused
by thermal fluctuations is suppressed at knot-core bound-
aries. This is because adopting straight conformations at
knot-core boundaries can gain translational entropy in the
threading region.

Fifth, bending energies of entire knotted chains are often
less than the bending energies of unknotted chains with the
same chain length and same persistence length when the
persistence length is small (L, < 5a). This counterintuitive
phenomenon is because the virtual tube produced by knot-
ting suppresses the bending in the knot core. We observe
negative extra bending for different knot types, including 3;,
44, 5,, 5, knots, which suggests it may be a common phe-
nomenon for all knot types.

Sixth, the knot-positioning effect is observed for different
knot types, including 3,, 44, 5;, 5, knots. In this effect, a knot
prefers to place its boundary at a stiff segment on a polymer
with non-uniform bending stiffness.

Overall, the tube model is a promising theoretical model to
gain valuable insights of different knot types, especially, the
knot shape under thermodynamics equilibrium and magni-
tudes of structural fluctuations (tube diameters) in the knot
core. Polymers with different knot types share many com-
mon properties, such as nearly straight conformations at
knot-core boundaries. The structural features obtained from
the tube model can be useful in understanding many knot-
ting systems, such as DNA knots in vivo,[11 and in experi-
ments. [13-16,18,21]
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